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Abstract

For a finite commutative ring R with non zero identity, one can define the Jacobson
graph denoted by J(R) as the graph with vertex set R\ J(R), and two distinct vertices
x and y are adjacent if and only if 1 — zy is not a unit in R.

In this work, we study the Cohen—Macaulay and Gorenstein properties of the Ja-
cobson graph J(R) via combinatorial methods. Since these properties are difficult
to verify directly, we use the notion of well-covered graphs as a key tool. A graph
is said to be well-covered if all its maximal independent sets have the same cardinality.

We first analyze structural properties of J(R) and determine conditions under which
it is well-covered. Using these conditions, we obtain necessary and sufficient criteria
for J(R) to be Cohen-Macaulay. Further, we investigate when J(R) satisfies the
stronger Gorenstein property. The results are expressed in terms of the algebraic
structure of R, particularly its decomposition into local rings.

These results give a classification of finite commutative rings whose Jacobson graphs
satisfy these properties and establish a clear connection between ring-theoretic struc-
ture and homological properties of the associated graph.
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